Abstract. For the number field case we will give an upper bound on the number of the S-integral points in P n (K) − {2n + 1 hyperplanes in general position}. The main tool here is the explicit upper bound of the number of solutions of S-unit equations (Invent. Math. 102 (1990), 95-107). For the function field case we will give a bound on the height of the S-integral points in P n (K) − {2n + 1 hyperplanes in general position}. We will also give a bound for the number of "generators" of those S-integral points. The main tool here is the S-unit Theorem by Brownawell and Masser (Proc. Cambridge Philos. Soc. 100 (1986), 427-434).
Introduction-Number Fields
Let K be a number field of degree d. Denote by M K the set of valuations of K and by M ∞ the set of archimedean valuations of K. For each valuation v ∈ M K , denote by K v the completion of K with respect to v and by n v = [K v : Q v ] the local degree. Define an absolute value associated to an archimedean valuation v by
If v is non-archimedean, then v is an extension of a p-adic valuation on Q for some prime p; the absolute value is defined so that
Let S be a finite subset of M K containing the set M ∞ . We call an element x ∈ K an S-unit if
Let D be a very ample effective divisor on a projective variety V and let 1 = x 0 , x 1 , ..., x N be a basis of the vector space:
L(D) = { f|f is a rational function on the variety V such that f = 0 or (f) + D ≥ 0}.
Then P → (x 1 (P ), ..., x N (P )) defines an embedding of V (K) − D into the affine space K N . A point P of V (K) − D is said to be an S-integral point if x i v ≤ 1 ∀ v / ∈ S and for 1 ≤ i ≤ N. Recall that a hyperplane H in P n (K) is represented by a vector α in K n+1 −{0}. A set of hyperplanes {H 1 , ..., H q } is said to be in general position if the set of representing vectors {α 1 , ..., α q } has the property that any subset of no more than n + 1 elements is linearly independent over K. Using Schmidt's Subspace Theorem and Nochka weights, Ru and Wong succesfully proved that the S-integral points of P n (K) − {2n + 1 hyperplanes in general position} are finite [R-W] . However, the bound of the number is not effectively determined. After Schmidt and Schlickewei succeeded in giving a quantitive version of the Subspace Theorem over number fields, Schlickewei obtained an upper bound for the number of solutions of S-unit equations [Schl] . This upper bound will be the main ingredient in our bound for the number of S-integral points in P n (K) − {2n + 1 hyperplanes in general position}.
The Main Theorem-Number Fields
First we recall the following S-unit Theorem by Schlickewei [Schl] : 
has no more than
Definition. Let y 1 , ..., y m be elements in a field L and y 1 + · · · + y m = 1. Then
It is clear that we have the following proposition:
Remark. There may exist more than one irreducible equation with respect to y 1 + · · · + y m = 1. However the number of irreducible equations with respect to y 1 + · · · + y m = 1 is clearly finite. 
Main Theorem (Number Fields). Let K be a number field of degree d. Let
Proof. Let X 0 , ..., X n be the coordinates of P n (K). Then
, . . . ,
, are elements of L( q i=1 H i ) and are linearly independent. Therefore we can choose an embedding of
H i } into an affine space as follows:
(1.6) and (1.7) imply that
This completes the proof.
Let i be the determinant of the matrix obtained by deleting the i-th row from 
(1.10)
If no proper subsum of (1.11) vanishes, then by the S-unit Theorem of number fields the number of solutions of (
Since the x i can be written uniquely as a linear combination of {l i0 , ..., l in }, the 
(1.12) It then suffices to consider the case that for some index subset I = {i 0 , ..., i n } in {2, ..., q}, some proper subsums of (1.11) vanish. By Proposition 1.1, there exist some irreducible equations in the following form:
where I = {i 0 , ..., i n } is an index subset of {2, ..., q} and {j 0 , ..., j k } is an index subset of {i 0 , ..., i n }. There are only finitely many such irreducible equations in total. Let T x be the subset of {L 1 , ..., L q } with the following property:
appears in one of the irreducible equations in (1.13).
(1.14)
Rearranging the order of the linear forms, we may assume
If u < n + 1, by Proposition 1.3.b there exist c
vanishes. This is the previous case, which has already been treated.
∈ T x . Again we have the following equations:
Since L n+2 , ..., L 2n+1 / ∈ T x and we only need to consider the case that some proper subsum of
−c
Ii i
Ii n+2
vanishes, the only possible irreducible equations for (1.15) are
Ii i , 1 ≤ i ≤ n + 1, is contained in one of the irreducible equations in (1.13). We may assume that we have the following irreducible equations for each 1 ≤ i ≤ n + 1.
Since no proper subsum of (1.19) vanishes, the number of solutions ( The number of S-integral points (x 0 , ...,
which is equal to the number of (1, (1.12), (1.18), (1.21) imply that the number of S-integral points in
Introduction-Function Fields
Let K be the function field of an irreducible projective algebraic curve C of genus g defined over an algebraically closed field k. Assume that the characteristic of k is 0. If P ∈ C we denote by v P the valuation of K associated to P . For elements f 0 , ..., f n of K, not all zeros, we define the height as
For an element f of K we define the height as
Let S be a finite set of points of C. An element f ∈ K is said to be an S-unit
a ij X j , where a ij ∈ K and 1 ≤ i ≤ q.
Suppose that q ≥ 2n + 1 and that L 1 , ..., L q are in general position. When the coefficients of these linear forms are in the constant field k, we have the following theorem in [Wa] :
.., L q are as stated above and with coefficients in
max{0, 2g −2+|S|}. Furthermore, there exist finitely many sets of {η 0 ,...,η n } in K, which can be effectively determined such that the S-integral points of
The proof of this theorem basically follows from the Truncated Second Main Theorem and Nochka weights. Therefore it is similar to [R-W] .
For the rest of the paper, we will consider the case when the coefficients of the linear forms are non-constants. The proof is basically the same as the proof for number fields. Therefore when there is no confusion we will use the results and definitions from Section 1.0 and Section 1.1 directly.
The Main Theorem-Function Fields
We recall the following S-unit Theorem from [B-M] :
a ij X j where a ij ∈ K and 1 ≤ i ≤ q. Suppose q ≥ 2n + 1 and 
Furthermore, there exist finitely many sets of {η 0 , ..., η n } in K, which can be effectively determined and the number of such sets (up to constant factors) is bounded by
Proposition 2.1. Let H be a positive integer. Then (up to constant factors) the number of S-units f in K with
Proof. Since f is an S-unit and h(f ) ≤ H,
Also if f , g are non-zero elements of K and
The proposition is therefore clear.
Proof of the Main Theorem
.., i n } be an index subset in {2, ..., q}. By Proposition 1.3.b, there exist non-zero elements
If no proper subsum of (2.6) vanishes, then, by the S-unit Theorem for function fields,
where the sum is taken over all permutations σ jm of {0, 1, ..., j − 1, j + 1, ..., n}, and (σ jm ) is the sign of the permutation. (See [La 2], XIII Proposition 4.6.) Therefore
up to sign, using the same argument, we can obtain
, ..., The case is therefore complete.
It then suffices to consider the case that for any index subset I = {i 0 , ..., i n } in {2, ..., q}, some proper subsums of (2.6) vanish. By Proposition 1.1, for any {L i0 , ..., L in } there exist some irreducible equations in the following form: Rearranging the order of the linear forms, we may assume 
